Abstract
Introduction
Liquefaction is one of the most dramatic phenomena which occur in saturated loose sands during an earthquake. Consequently, structures built on top or within the liquefied ground may fail due to either: increased lateral soil pressure, loss of bearing capacity, ground settlement due to post-liquefaction reconsolidation and other associated ground deformations. These consequences depend on a number of various factors, such as site conditions, earthquake characteristics, and the nature of the structure on the site.
The impact of liquefaction to the built environment was introduced to the geotechnical engineering community after the two main earthquakes in 1964 (i.e. Niigata earthquake, Japan and Alaska earthquake, United States). Since then, much research has been carried out to investigate the liquefaction phenomenon using laboratory experiments, model testing and analytical/numerical methods. Most of this research has focused on understanding the mechanism of pore water pressure development and undrained behaviour of sands leading to liquefaction triggering (Iwasaki, 1986; Mohamad and Dobry, 1986; Bouckovalas et al. 2003; Kamata et al. 2009; El Takch et al. 2016; and Wang and Wang, 2017) ; however, there is a little research done to date in terms of understanding the post-liquefaction response of sand. Yasuda et al. (1999) carried out a series of multi-stage soil element tests on Toyoura sand at different relative densities. Vaid and Thomas (1995) carried out a similar test procedure on Fraser River sand with different relative densities and effective confining stress. In these works, the soil samples were made to liquefy first by applying cyclic loading followed by monotonic shearing under a certain constant strain rate. The results indicated that the liquefied sand showed nearly zero stiffness up to a particular level of strain; after which the soil resistance increased dramatically with strain. Focusing on the effect of axial strain, relative density and effective confining stress on the post-liquefaction behaviour of sands, Sitharam et al. (2009) carried out cyclic triaxial tests on Ahmadabad sand (India). Shamoto et al. (1997) , Hyodo et al. (1998) , and Kokusho et al. (2004) also carried out similar studies on post-liquefaction behaviour. The main conclusion is undrained stress-strain response of post-liquefaction sand is dependent on relative density of soil. Furthermore, initial confining pressure of the sample have an insignificant influence on the post-liquefaction undrained stress strain response of sands.
After an earthquake, the behaviour of the liquefied soil which is underneath the weight of soil from the upper layer or superstructure would be dilative (Thomas, 1992; and Vaid and Thomas, 1995) . As a result, the hardening response observed at large strains can be explained in terms of the dilative response of soil under undrained monotonic shearing. According to Thomas (1992) , the stress-strain behaviour of sand at post-liquefaction stage can be divided into three stages as shown in Figure 1 : the first region would start immediately after liquefaction (i.e. zero effective stress) and consequently, would indicate zero shear stiffness. Due to the undrained monotonic load, the shear stiffness is gradually increased with the increase in strain, representing the second region. In the third region, the stress-strain curve becomes linear, which represents constant shear stiffness. Thomas (1992) .
The trends of the post-liquefaction stress-strain behaviour were investigated by different researchers. The bi-linear behaviour of the stress-strain curve at post-liquefaction was proposed by Yasuda et al. (1995) . Recently, Dash (2010) , , Lombardi et al. (2017) proposed a simple post-liquefaction stress-strain curve defined by four key parameters: the take-off shear strain, initial shear modulus, critical state shear modulus, and maximum shear stress. In this paper, several series of multi-stage soil element tests were conducted on four different types of sand where the specimens were subjected to undrained monotonic shearing after full liquefaction has been achieved. The sands considered were reconstituted at different relative densities, consolidated under various effective confining stresses, and were made to liquefy under different levels of cyclic shear stress ratio (CSR). The obtained post-liquefaction stressstrain curve was modelled in terms of the initial shear modulus (G1), critical state shear modulus (G2) and a parameter called post-dilation shear strain ( dilation post  ), which is related to the dissipation of excess pore water pressure during the monotonic shearing of the liquefied sand. Based on the tests reported in this study, Sitharam et al (2009) and it appears that post-liquefaction stress-strain curve of sand, are mainly affected by the initial relative density while the effect of initial effective confining stress was negligible (at least within the range considered in the tests). Thus, the parameters to model the post-liquefaction behaviour can be expressed in terms of the initial relative density of the sand. Such a simplified way of estimating the stress-strain curve of liquefied sand has many applications, such as in investigating lateral spreading of liquefied soil, studying foundation settlements and estimating p-y curves for the analysis of soil-structure interaction.
Materials and experimental method
Four types of sand were used to carry out the experimental investigation; two commercially available sands, Redhill-110 sand (UK) and silica sand No. 8 (Japan), which are typically used in laboratory studies; and two natural sands from India, Assam sand and Ganga sand. Figure  2 shows the microscopic photos of the sands while their index properties based on ASTM standards (D4253, D4254, and D854) are listed in Table 1 . The grain size distribution curves of the sands are shown in Figure 2 , where it is observed that all sands have uniform grain size distribution and low fines content. Also indicated in Figure 3 the range of grain size distributions of sands which are deemed to have a high potential for liquefaction as well as the potential for liquefaction. This graph is based on past historical earthquakes in Japan and stipulated in the design code for port and harbour facilities (PHRI, 1997). Several series of advanced soil testing (i.e. multi-stage soil element test) using Cyclic Triaxial apparatus were carried out at the SAGE (Surrey Advanced Geotechnical Engineering) Laboratory at the University of Surrey. In these experiments, the samples were prepared using the dry pluviation method. Silicon grease was applied around the pedestal in order to decrease the friction between the membrane and the pedestal. The sample size was 100mm in diameter and 200mm in height. After preparing the specimen, small negative pressure of -10 kPa was applied in order to remove the mould from the sample. When the mould was removed, the cell chamber was then placed on the base of the frame. The negative pressure was then removed and the cell pressure (40 kPa) was applied to the inside the cell chamber simultaneously. The specimen was then flushed with de-aired water from bottom to the top in order to replace the air bubbles with de-aired water followed by saturation. The specimen was saturated with high back pressure (i.e. 480 kPa). The duration of saturation process was different for various types of sands. For finer sands, this process to saturate under such high level of confining pressure took longer, around 24 to 48 hours. Using this procedure, the measured B-value (  is an increase in confining stress applied to the specimen and u  is the resulting change in pore water pressure) after saturation was around 0.95 to 0.97. The sample was then isotropically consolidated in order to obtain the target effective confining stress ( c '  ). The load was applied by an electro-mechanical motor placed on the top of the triaxial frame. In addition to the axial load, the cell pressure, pore pressure, volume change and axial displacement were all monitored electronically and these data were recorded via a data acquisition system onto a computer for later analysis.
As illustrates in Figure 4 , in these tests, undrained stress-controlled sinusoidal cyclic loading with frequency of 0.1 Hz was initially applied in order to liquefy the soil sample. This frequency was chosen to reduce the effect of viscosity following the work of Yasuda and Soga (1984) , Hyodo et al. (1998) and . The amplitude of the cyclic load was varied for the cases investigated. This cyclic load was stopped when the onset of liquefaction was monitored. For loose to medium sand, the onset of liquefaction occurs when the condition of zero effective stress (mean effective stress) was achieved, i.e. the "initial liquefaction" as proposed by Seed and Lee (1966) . While for dense sand, the onset of liquefaction is defined as the development of 5% double amplitude of axial strain (Ishihara, 1993) . Note that in dense sand, the condition of zero effective stress occurred only momentarily. Once the specimen liquefied, strain-controlled monotonic load was then applied under undrained condition to obtain the stress-strain curve of the liquefied sand keeping the drainage valve closed. The monotonic load was applied at a rate of 0.1% axial strain per minute. Such multi-stage tests on the four types of sands were conducted under different conditions of initial relative densities (between 30% and 70%), effective confining stress (between 50kPa and 150kPa), and applied cyclic deviator stress (between 20kPa and 50 kPa) in order to have a different levels of Cyclic Stress Ratio (CSR). This parameter is the ratio of shear stress over effective confining stress (
) used in the Triaxial test. Table 2 lists the conditions considered in the tests. Note that the effective confining pressure investigated ranged from 50-150kPa, corresponding to the usual depths of soil considered for liquefaction analysis. The effect of much higher confining pressure was not considered in the testing programme. It may be noted that the considered range of effective confining stress is limited to a maximum of 150kPa and therefore the presented results may not cover the whole behaviour of the considered material particularly the behaviour of soils at deeper depths. 
Results and discussion
Typical results of multi-stage soil element tests are discussed in this section, representing the response of the different sands used. Figures 5-12 correspond to the results for mediumdense sand samples (Dr=50%) which were isotropically consolidated under 100kPa effective confining stress and cyclically sheared with 30kPa deviator stress. Figures 5, 7, 9 , and 11 present the stress paths of the samples during the multi-stage test and stress-strain curves during the cyclic phase while Figures 6, 8 , 10, and 12 depict the variation of the excess pore water pressure ratio, effective confining stress, and axial strain with the number of cycles of cyclic loading. Figure 5 shows p′-q stress path and the stress-strain curve of the Redhill-110 sand sample under multi-stage test. These p′ and q stresses represent the mean effective stress and the deviator stress, respectively (Roscoe et al. 1958) . These stresses can be calculated by the following equations:
where a '
 and c '  are the axial and the effective confining stresses, respectively.
As can be seen from Figure 5 and 6(c), the development of axial strain in the sample is slow during the early part of cyclic loading; then large axial strain is mobilised and the sample liquefied at nearly 10 cycles. Figure 6 shows the changes in excess pore water pressure ratio (ru), effective confining stress ( c '  ), and axial strain ( a  ) with increasing number of cycles. With the generation of the excess pore water pressure, the effective confining stress decreases; consequently, the axial strain in the soil increases. The onset of liquefaction was observed at the condition of zero effective stress (i.e. ru=1). The multi-stage test results for the medium dense sample of Japanese silica sand No. 8, which was isotopically consolidated under 100kPa and sheared under 30kPa of deviator stress, is shown in Figures 7 and 8 . As can be seen from Figure 7 , the mean effective stress decreases from the initial value towards zero during the undrained cyclic loading. The stress-strain curve has closed loops at the beginning of the shearing; however, once the sample liquefies (after about 8 cycles), the loops become banana in shape and large deformation occurs. Figure 8 shows the changes in excess pore water pressure ratio (ru), effective confining stress ( c '  ), and axial strain ( a  ) with increasing the number of cycles. From the figure, it is clear that the sample was liquefied at the condition of zero effective stress (i.e. ru=1). Figures 9 and 10 display the results for medium dense Assam sand under similar initial effective confining pressure and amplitude of cyclic deviator stress. From Figure 9 , the sand liquefied after around 23 cycles while from Figure 10 , it is clear that the sample liquefied with the development of 5% double amplitude axial strain. The condition of momentary zero effective stress was observed in this test. Finally, the results for Ganga sand under the same conditions are presented in Figures 11  and 12 , where it can be seen that the behaviour of this sand is similar to Assam sands in terms of the onset of liquefaction; however, it liquefied in only 20 cycles. A specimen of Ganga sand with the same relative density and effective confining stress (50% and 100kPa, respectively) was tested under higher deviator stress (40kPa). The results are plotted in Figures 13 and 14 . As shown in Figure 13 , Ganga sand under higher deviator stress (i.e. 40kPa) liquefied in less number of cycles. Having constant parameters of relative density and effective confining stress, as the deviator stress increases, the number of cycles required to initiate liquefaction decreases. From Figure 14(b) , the condition of momentarily zero effective stress due to cyclic mobility was observed. Therefore, the onset of liquefaction was considered to correspond to 5% double amplitude axial strain. 
Post-liquefaction characteristics of sand
When the undrained monotonic load is applied to the liquefied sand, the sand sample shows very low stiffness at the beginning of the loading, until a certain level of axial strain is reached. After that, the resistance of the sand specimen increases dramatically due to dilatancy induced by particle rearrangement. The axial strain is dependent on the initial density of the sand when such increase in resistance occurs. Figures 15-18 show the post-liquefaction response of the four different types of sands for the same level of CSR in terms of variation of deviatoric stress and excess pore water pressure with axial strain. From the figures, it can be seen that the sand specimen has no initial stiffness up to a certain level of axial strain. As discussed earlier, when the liquefied sand is sheared monotonically, the sand particles are again brought to contact with each other and, as a consequence, inter-locking occurs after reaching a certain amount of axial strain. Figure 19(a) shows a typical axial stress-axial strain curve of liquefied sand. During the initial stage of monotonic loading, the stiffness of the sand is almost negligible, indicating practically no shear strength; with continuous straining, the strength is mobilised when a certain level of axial strain is reached (in the figure, this is about 4% axial strain). In order to study the post-liquefaction behaviour, this axial strain-deviator stress curve is converted to shear strain-shear stress curve which is shown in Figure 19(b) . The following equations were employed in the conversion process:
(4) where  and  are shear stress and shear strain, respectively, while  is the Poisson's ratio which has been taken as 0.5 for undrained condition.
In the plot shown in Figure 19(b) , the term G2 corresponds to the critical state shear modulus during post-liquefaction stage of sand, which is discussed later in this section. To investigate the post-liquefaction stress-strain behaviour of sand further, a portion of the plot is magnified to clearly see the response of liquefied sand at the beginning of the shearing (Figure 19(c) ). It is clear that the curve has an initial slope (initial shear modulus) at the beginning of the loading, which is called G1. In terms of excess pore water response, as depicted in Figures 19(d) and 19(e), the excess pore water pressure ratio starts to decrease gently from the initial value of 1.0 at the start of monotonic loading. When a certain level of axial strain is reached, the excess pore water pressure ratio decreases significantly (magnified in Figure 19(f) ). It is clear that this level of shear strain when the excess pore water pressure starts to significantly decrease is the same level of shear strain when the shear stress increases remarkably. This shear strain is called 

, corresponding to the strain when the stiffness increases dramatically. As Figure   19 (f) illustrates, this point is the intersection of two tangent lines in the excess pore water pressure ratio versus shear strain curve. Dash (2010) approximated a similar parameter to be related to the shear strength at a very small level, (1 kPa) and referred to it as the take-off shear strain with the assumption that it was the start of the dilative response of liquefied sand. Based on the tests performed, during the post-liquefaction process, the sand sample starts to dilate when the excess pore water starts to dissipate. This dilation can happen at different levels of shear stress. Therefore, the point where the excess pore water starts to dissipate was chosen to represent the post-dilation shear strain of the sample.
Looking back at Figures 15-18 , it can be noticed that the post-liquefaction response of initially very dense samples is different from that of medium-dense and loose samples. For example, the response of soil with initial relative density of 80% is different from those of similar sands but with lower relative densities. It seems that very dense sand has significant stiffness from the beginning of monotonic loading ( dilation post  = 0). The void ratio in very dense sand is almost minimum (the soil structure mainly consisted of sand particles). Therefore, during cyclic shearing, the amount of water between the sand particles in dense sample is less due to the minimum void ratio and the sand particles do not completely float in water (there is a small contact between sand particles) which is termed as cyclic mobility. As a consequence there is no initial zero stiffness for very dense sand in the post-liquefaction behaviour. Alternatively, because of the dense packing, dilatancy immediately occurs in dense liquefied sand once shearing is applied. Figure 19 : Example of post-liquefaction stress-strain and excess pore water pressure ratio of Redhill-110 sand in normal and magnified situation: (a) axial strain versus deviator stress; (b) shear strain versus shear stress; (c) magnified shear strain-shear stress curve; (d) axial strain versus excess pore water pressure ratio; (e) shear strain versus excess pore water pressure ratio; and (f) magnified shear strain versus excess pore water pressure ratio.
As shown in Figure 20 , the stress-strain behaviour of liquefied sand can be modelled as bilinear curve and can be defined in terms of three parameters: the initial shear modulus (G1), critical state shear modulus (G2), which are shown in Figure 20 
Post-dilation shear strain ( dilation post

 )
In the excess pore water pressure ratio versus shear strain plot, the magnitude of the shear strain when the sand starts to dilate is called "post-dilation shear strain". Looking at Figures  15(b)-18(b) the location of post-dilation shear strain depends on the relative density of sand.
To elucidate on such a relation, the effect of the initial relative density of the sands on dilation post  is investigated, and the results for tests with effective confining pressure of about 100 kPa (97-105 kPa) are summarised in Figure 21 . As can be seen, this strain level generally decreases as the relative density of the sand increases. The void ratio of very dense sand is almost minimum (the soil structure mainly consisted of sand particles) and therefore, during liquefaction, the amount of water between the sand particles is less due to the very small void ratio and the sand particles are not completely floating in the water medium. As a consequence, there is no initial zero stiffness for very dense sand in the post liquefaction behaviour. Moreover, dilatancy immediately occurs in dense sand and shear strength is recovered immediately with particle rearrangement. Based on the experimental data, the correlation between post-dilation shear strain (in %) and relative density can be expressed by Equation (5) where Dr is in %:
As the samples considered in the series of tests have relative densities between 30% and 75%, the above correlation is valid only within this range (i.e. 30% < Dr < 75%). The post-dilation shear strain is defined as a point when the excess pore water pressure starts to decrease significantly during monotonic loading (Rouholamin, 2016) . On the other hand, take-off shear strain defined in Dash (2010) , Lombardi et al (2017) is related to the shear strength at a very small level, (1 kPa) with the assumption that it is the onset of the dilative response of liquefied sand. After investigation the authors couldn't find a significant difference between these two parameters.
Initial shear modulus (G 1 ) Dash (2010) suggested that the initial shear modulus can be estimated by Equation (6);
where to  is the take-off shear strain corresponding to 1kPa of shear stress and G1 is the initial shear modulus in unit of kPa. In this study, the value of the initial shear modulus was read directly from the shear stress-shear strain curve of liquefied sand, as shown for example in Figure 19(c) . The values of G1 are plotted against the relative density, as shown in Figure 22 , where it can be seen that when the relative density increases, the initial shear modulus G1 increases. Under constant volume condition, denser sand samples have more particles present; when they are sheared, the shear resistance prior to the post-dilation strain is expected to be larger as more particles are available to provide the resistance.
The correlation derived from the experiments between the relative density and G1 (in kPa) is given be Equation (7) where Dr is in %.
As mentioned above, this correlation is valid only for the relative densities considered in the test series (i.e. 30% < Dr < 75%). 
Critical state shear modulus (G 2 )
The critical state shear modulus of the liquefied sand was calculated directly from the undrained monotonic test, as illustrated in Figure 19(b) . The post-liquefaction response for liquefied soil is dilative and as the soil sample is sheared following the critical state line, the obtained shear modulus is called "critical state shear modulus". The values obtained for all the sands tested were plotted versus relative density, as shown in Figure 23 . From the graph, there is a linear relationship between the relative density and the critical state shear modulus, with G2 increasing with the increase in the soil's relative density. By considering constant volume condition, dense samples would show significant dilative tendency which would be manifested with development of negative pore water pressure; on the other hand, looser samples would show lesser tendency to dilate, and therefore lesser shear modulus. Based on the trend observed, the correlation between the critical shear modulus G2 in kPa and soil relative density (Dr in %) is given by Equation (8 
Effect of initial confining stress
Initial confining stress has a strong influence on soil shear modulus (G) as presented in the literature (Papadimitriou et al. 2001 ). However, initial confining stress may have different effect on the critical state shear modulus (G2) which is one of the post liquefaction parameter. In order to investigate the effect of initial effective confining stress on the post-liquefaction behaviour of sands, Japanese silica sand No. 8 (Dr=50%) was tested under three different levels of initial effective confining stress: 50, 100, and 150kPa. As shown in Figure 24 , the confining stress affects the stress-strain relation of the liquefied sand, especially the slope of the curve when the sand dilates, which is denoted as the critical state shear modulus (G2). With the increase in the level of confining stress, G2 is increased. Such response was also reported by Lombardi, (2014) and on their tests on Redhill-110 sand. However, because of the limited tests conducted involving other confining stress levels, the effect of effective confining stress on the post-liquefaction behaviour is not pursued further in this study. 
Shear modulus changes from pre-to post-liquefaction stage
At the initial state of the saturated sand (prior to the multi-stage test), the maximum shear modulus of the sand can be defined as G0, i.e. shear modulus at small strain. In this paper, the G0 for all test specimens was calculated from the first cycle of loading during the cyclic loading phase. This is illustrated in Figure 25 as the slope of the first cycle of the stress-strain curve (converted shear stress versus shear strain). As the soil softens due to excess pore water pressure generation, the mean effective stress decreases and approaches zero, resulting in very low stiffness of the liquefied soil. When the liquefied sand is subjected to undrained monotonic load, the sand initially shows very low initial stiffness when compared to its maximum shear modulus. From Figure 26 , the initial shear modulus after liquefaction (i.e. G1) is reduced to 1/10000 of the maximum shear modulus. Similar results were presented by Yasuda et al. (1995 Yasuda et al. ( , 1998 . During the post-liquefaction monotonic loading, the liquefied sand gradually recovers its stiffness. The critical state shear modulus (i.e. G2) obtained is about 1/10 of the maximum shear modulus. It should be noted that these results are from the undrained soil element tests; however, in real grounds where drainage is possible, the critical state shear modulus would reach the maximum shear modulus after sometime, with the dissipation of excess pore water pressure. The critical shear modulus may even be exceeded, if the sand densifies as a result of re-consolidation. 
Concluding remarks
As liquefaction occurs due to excess pore water pressure generation, the effective stress decreases. As a consequence, the shear modulus of the sand sample drops from the maximum shear modulus to a very low value (nearly zero). When the liquefied sand is monotonically sheared, the liquefied sand recovers its stiffness gradually in a manner which depends on the initial relative density of the sample. Based on multi-stage testing conducted on four different types of clean sands, the stress-strain behaviour of liquefied sand can be modelled as bi-linear curve which is defined in terms of three parameters: the initial shear modulus (G1), critical state shear modulus (G2), and post-dilation shear strain ( dilation post  ), which is defined as the shear strain when the soil starts to dilate in post-liquefaction state. It was shown that each of these post liquefaction parameters are function of the initial relative density of the sands. By increasing the relative density, G1 and G2 would increase; however, dilation post  would decrease.
Based on the test results, correlations between these parameters and relative density were established. Thus, if the relative density of sand is estimated empirically from, for example, penetration resistance or any other means, the three post-liquefaction parameters can be approximated and the post-liquefaction behaviour can be defined.
As soil liquefies, the initial shear modulus of sand (G1) would be reduced to about 1/10000 of the maximum shear modulus (G0). During the post-liquefaction monotonic loading, the liquefied sand gradually recovers its stiffness. The critical state shear modulus (G2) obtained is about 1/10 of the maximum shear modulus. This paper described the post-liquefaction response of sand in terms of stress-strain curve. This curve can be used in evaluating lateral spreading of liquefied soil, liquefaction-induced settlements of structures and other liquefaction-related ground deformations. This curve can also be converted to p-y curve in order to analyse soil-structure interaction using Winkler method. Thus, the post-liquefaction behaviour of sand can be examined through the simplified stress-strain relation presented in this paper.
